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Stellingen
Propositions belonging to the thesis
Random Walks and the Contact Process
by Stein Andreas Bethuelsen
1. Under general mixing conditions on the environment, including dynamic random
environments having non-uniform mixing properties, the “environment as seen
from the walker” has an invariant measure that is absolutely continuous with
respect to the law of the random environment in the forward half-space. Un-
der stronger mixing assumptions the same holds with respect to the invariant
measure on the entire space (see Chapter 3).
2. An elliptic random walk in a dynamic random environment given by the stochas-
tic Ising model in the uniqueness regime satisfies a quenched central limit theorem
(see Chapter 3).
3. Consider the contact process on Zd, d ≥ 1, with λ > λc, and let ν¯λ be the upper
invariant measure. Any invariant measure µ of the corresponding “contact pro-
cess as seen from the walker” satisfies µ(B) ≤ ν¯λ(B) for all increasing tail events
B. Furthermore, for the critical contact process, any such measure concentrates
on configurations with density 0 (see Chapter 4).
4. Consider the contact process (ηt)t≥0 on a d-ary regular tree Td, d ≥ 2, with
λ > λc(Z). Then, for any δ > 0, there exists a ∆ ⊂ V , where V is the vertex
set of Td, and ρ > 0, such that: (i) limn→∞
|∆∩B(n)|
|B(n)| ≥ 1− δ, where B(n) is the
set of vertices in V within distance n of the root, and (ii) {ηt(x) : x ∈ ∆, t ∈ N}
stochastically dominates a Bernoulli product measure with density ρ (see Chapter
5).
5. Consider the contact process (ηt)t≥0 on Zd, d ≥ 1, with λ > λc(Z). This
process projected onto Zd−1 × {0, 1}, i.e., {ηt(x) : x ∈ Zd−1 × {0, 1}, t ∈ [0,∞)},
stochastically dominates a non-trivial independent spin-flip process (see Chapter
5).
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6. Let G = (V,E) be a countably infinite connected and rooted graph, and consider
ordinary bond percolation on G with parameter p ∈ [0, 1]. Let µ be the measure
on {0, 1}V that assigns 1 to a site x ∈ V iff x is “connected to infinity” by a
sequence of “open paths”. If G is amenable, then µ does not dominate a non-
trivial Bernoulli product measure unless p = 1. If G is a d-ary regular tree
Td, d ≥ 2, then µ dominates a non-trivial Bernoulli product measure whenever
p > pc (see Chapter 5).
7. Under the assumption that the environment is reversible or the random walk is
balanced, a quenched functional central limit theorem holds for a large class of
random walks in slowly mixing dynamic random environments (see Chapter 1).
8. An elliptic nearest-neighbour random walk on Z in a spatially independent dy-
namic random environment satisfies a strong law of large numbers under very
general temporal mixing assumptions (see Chapters 1 and 3).
9. The Dobrushin uniqueness condition is an important tool for proving uniqueness
of Gibbs measures. One interpretation of this condition is in terms of “dusting”,
where initially each site has a certain amount of dust and sites are cleaned
iteratively by certain “dusters”. If the total amount of dust is reduced after
cleaning all the sites, then there is at most one Gibbs measure. In this process
there is a certain freedom in the choice of dusters, and in many cases the total
amount of dust removed depends on the specific choice.
10. When struggling with a mathematical problem, often the best thing to do is to
go out and clear your head by doing something completely different. For the
latter, both fishing and rowing are excellent alternatives.
11. When struggling with rowing, one of the worst things to do is to start thinking
about a difficult mathematical problem, as this typically leads to you “catching
a crab”.
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